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Abstract. In the theory of coalgebras C over a ring R, the rational functor relates the 
category of modules over the algebra C* (with convolution product) with the category 
of comodules over C. It is based on the pairing of the algebra C* with the coalgebra C 
provided by the evaluation map ev : C ®r C — > R. 

We generalise this situation by defining a pairing between endofunctors T and G on any 
category A as a map, natural in a, b £ A, 

atb :A(a, <?(&)) A(T(a), 6), 

and we call it rational if these all are injective. In case T = (T, my, ej) is a monad and 
G = (G,5q,eq) is a comonad on A, additional compatibility conditions are imposed on 
a pairing between T and G. If such a pairing is given and is rational, and T has a right 
adjoint monad T°, we construct a rational functor as the functor-part of an idempotent 
comonad on the T-modules Ay which generalises the crucial properties of the rational 
functor for coalgebras. As a special case we consider pairings on monoidal categories. 
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1. Introduction 

The pairing of a fc-vector space V with its dual space V* = Hom(V, k) provided by the 
evaluation map V* <g) V ~ > k can be extended from base fields k to arbitrary base rings A. 
Then it can be applied to the study of A-corings C to obtain a faithful functor from the 
category of C-comodules to the category of C*-modules. The purpose of this paper it to 
extend these results to (endo)functors on arbitrary categories. We begin by recalling some 
facts from module theory. 

1.1. Pairing of modules. Let C be a bimodule over a ring A and C* = Hom^C, A) the 
right dual. Then C <S>a — and C* <E>a — are endofunctors on the category 4M of left ^-modules 
and the evaluation 

ev : C* ®a C -> A, f ® c /(c), 
induces a pairing between these functors. For left A-modules X, Y, the map 
a Y : C® A Y -+ AHom(C7*,F), c ® y h-> [f ^ f(c)y], 

induces the map 

Px.y ■ AHom(X C® A Y) — > j4 Hom(X, A Hom(C*, Y)), 

X^C® A Y 1 — ► X -U C® A Y ^ j4 Hom(C7*,y). 
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Clearly fix,Y is injective for all left A-modules X, Y if and only if ay is a monomorphism 
(injective) for any left A-module Y, that is, C A is locally projective (see [I], [5J 42.10]). 

Now consider the situation above with some additional structure. 

1.2. Pairings for corings. Let C = (C, A, e) be a coring over the ring A, that is, C is an 
A-bimodule with bimodule morphisms coproduct A : C — > C ®a C and counit e : C — > A. 
Then the right dual C* = Hom^C, A) has a ring structure by the convolution product for 
f,g&C*,f*g = fo(g ($ A I c ) o A (convention opposite to [HI 17.8]) with unit e, and we 
have a pairing between the comonad C <E>a — and the monad C* ®a — on ^M. In this case, 
Hom J 4(C*,— ) is a comonad on and ay considered in 11.11 induces a comonad morphism 
a : C ® s> Hom^C*, — ). We have the commutative diagrams 

(1.1) C* ®a C* ® A C C* ®a C* ® A C ®aC C* ® A C ■< C 




C* ® A C ^ A 

The Eilenberg- Moore category M 1101 " 1 - of Hom(C*, — )-comodules is equivalent to the 
category c-.M of left C*-modules (e.g. [51 Section 3]) and thus a induces a functor 

C M — > M Hom(c "'~^ ~ C ,M 

which is fully faithful if and only if the pairing (C*, C, ev) is rational, that is ay is monomorph 
for all Y £ (see [U 19.2 and 19.3]). Moreover, a is an isomorphism if and only if the 
categories C M and c*M are equivalent and this is tantamount to Ca being finitely generated 
and projective. 

In Section 2 we recall the notions and some basic facts on natural transformations between 
cndofuctors needed for our investigations. 

Weakening the conditions for an adjoint pair of functors, a pairing of two functors T : A — > B 
and G : B — ► A is defined as a map /3 a ,6 : A(a,G(b)) — > A(T(a),b), natural in a £ A, 6 £ 1 
of two functors between arbitrary categories is defined in Section 3 (see 13. ip and it is called 
rational if all the /3 Q) & are injective maps. For pairing of monads T with comonads G on a 
category A, additional conditions are imposed on the defining natural transformations (see 
I3.2[) . These imply the existence of a functor <& v : A G — > At from the G-comodules to the 
T- modules fsee I3.5[) . which is full and faithful provided the pairing is rational (see 13. 7[) . Of 
special interest is the situation that the monad T has a right adjoint T° and the last part of 
Section 3 is dealing with this case. 

Referring to these results, a rational functor Rat p : Ay — > Ay is associated with any 
rational pairing in Section 4. This leads to the definition of rational T-modules and under 
some additional conditions they form a corcflective subcatgeory of A^ fsee I4.8[) . 

The application of the general notions of pairings to monoidal categories is outlined in 
Section 5. The resulting formalism is very close to the module case considered in 11.21 

In Section 6, we apply our results to entwining structures (A, C, A) on monoidal categories 
V = (V, <g>, I). The objects A and C incude a functor V(- ®C, A) : Y op -> Set and if this is 
representable we call the entwining representable, that is if V(— ® C, A) ~ V(— , E) for some 
object E G V. This E allows for an algebra structure, an algebra morphism A — > E (see 
Proposition 16. 3j) and a functor from the category a^W °f entwined modules to the category 
#V of left 73-modules. In case the tensor functors have right adjoints a pairing on V is related 
to the entwining (see l6.9j) and its properties are studed. Several results known for the rational 
functors for ordinary entwined modules (see, for example, pQ, [12] and [13j ) can be obtained 
as corollaries from the main result of this section (see Theorem 16. 9[) . 
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2. Preliminaries 

In this section we recall some notation and basic facts from category theory. Throughout 
A and B will denote any categories. By I a , J& or just by / we denote the identity morphism 
of an object a € A, respectively the identity functor of a category A. 

2.1. Monads and comonads. For a monad T = (T,rriT,eT) on A, we write 

At for the Eilenberg-Moore category of T-modules; 
Ut ■ At — > A, (a, h a ) — > a, for the underlying (forgetful) functor; 
<j)T ■ A — > At, a — > (T(a), (mr) a ), for the free T-module functor, and 
■qr , £t : 4>t H Ut ■ At — > A for the forgetful- free adjunction. 
Dually, if G = (G, 5q, eg) is a comonad on A, we write 

A G for the category of the Eilenberg-Moore category of G-comodulcs; 
U G : hP — > A, (a, 6 a ) — S> a, for the forgetful functor; 

</> G : A —> A G , a — > (G(a), (^g)o), for the cofree G-comodule functor, and 
T] G ,e G : U G H 4> G : A — > A G for the forgetful-cofree adjunction. 

2.2. Idempotent comonads. A comonad H = (H,e,6) is said to be idempotent if one of 
the following equivalent conditions is satisfied (see, for example, [5]): 

(a) the forgetful functor U H : A H — > A is full and faithful; 

(b) the unit f] H : I — > <fi H U H of the adjunction U H H 4> H is an isomorphism; 

(c) 8 : H — > is an isomorphism; 

(d) for any (a, # a ) S A ff , the morphism i? : a — > i/(a) is an isomorphism and (i? a ) 1 = £a- 

(e) i?e (or eiJ) is an isomorphism. 

When H is an idempotent comonad, then an object a £ A is the carrier of an iJ-comodule if 
and only if there exists an isomorphism H(a) ~ a, or, equivalently, if and only if the morphism 
e a : H(a) — > a is an isomorphism. In this case, the pair (a, (e a ) _1 ) is an £f-comodule. In fact, 
every 7i-comodule is of this form. Thus the category A H is isomorphic to the full subcategory 
of A generated by those objects for which there exists an isomorphism H(a) ~ a. 

In particular, any comonad H — (H, e, 5) with e a componentwise monomorphism is idem- 
potent (e.g. |9J. In this case, there is at most one morphism from any comonad H' to H. 
When H' is also an idempotent comonad, then a natural transformation r : H' — > H is a 
morphism of comonads if and only if e ■ r = e', where e 1 is the counit of the comonad H'. 

We will need the following result whose proof is an easy diagram chase: 

2.3. Lemma. Suppose that in the commutative diagram 

/ 




the bottom row is an equaliser and the morphism h% is a monomorphism. Then the left square 
in the diagram is a pullback if and only if the top row is an equaliser diagram. 

2.4. Proposition. Let t : G — > R be a natural transformation between endofunctors of A with 
componentwise monomorphisms and assume that R preserves equalisers. Then the following 
are equivalent: 

(a) the functor G preserves equalisers; 
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(b) for any regular monomorphism i : a$ — > a in A, ifte following square is a pullback: 

G(a ) -^L G(a) 



to 



i?(oo) R(a). 



When A admits and G preserves pushouts, (a) and (b) are equivalent to: 
(c) G preserves regular monomorphisms, i.e. G takes a regular monomorphism into a regular 
monomorphism. 

Proof. (b)=Ka) Let 

k , I - 
a s- b y c 



be an equaliser diagram in A and consider the commutative diagram 

G(k) G U) 
G(a) — -i- G(6) ; G(c) 

G(s) 



«(/) 



i?(«)— r i?(6) 



i?( C ). 



Since i? preserves equalisers, the bottom row of this diagram is an equaliser. By (b), the left 
square in the diagram is a pullback. t c being a monomorphism, it follows from Lemma 12.31 
that the top row of the diagram is an equaliser. Thus G preserves equalisers. 

(a)=>(b) Reconsider the diagram in the above proof and apply Lemma 12.31 

Suppose now that A admits and G preserves pushouts. The implication (a)=>(c) always 
holds and so it remains to show 

(c)=>(b) Consider an arbitrary regular monomorphism i : ao — >• a in A. Since A admits 
pushouts and i is a regular monomorphism in A, the diagram 



where i\ and ii are the canonical injections into the pushout, is an equaliser diagram (e.g. [2l 
Proposition 11.22]). Consider now the commutative diagram 



G(a ) 



R(a ) 



G(a) 

to 

R(a) 



G(i 2 ) 

fl(il) 



: G(aU ao a) 



: R{aU ao a) , 



in which the bottom row is an equaliser diagram since R preserves equalisers. Since G takes 
regular monomorphisms into regular monomorphisms and G preserves pushouts, the top row 
of the diagram is also an equaliser diagram. Now, using that t a u a a is a monomorphism, 
one can apply Lemma 12.31 to conclude that the square in the diagram is a pullback showing 
(c)^(b). □ 
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3. Pairings of functors 



Generalising the results sketched in the introduction we define the notion of pairings of 
functors on arbitrary categories. 

3.1. Pairing of functors. For any functors T : A — > B and G : B — > A, there is a bijection 
(e.g. [20l 2.1]) between (the class of) natural transformations between functors A op xl-> Set, 

/3 a: b : A(a, G{b)) A(T(a), b), a e A, b 6 B, 

and natural transformations a : TG — » 7b, with a a ■— ^G(a),a(lG(a)) '■ TG(a) — ► a and 

/8 0)6 : a 4 G(6) i— )■ T(a) T H } TG(b) °\ b. 

We call (T, G, <r) a pairing between the functors T and G and name it a rational pairing 
provided the (3 a ,b are monomorphisms for all a S A and tel. 

Clearly, if all the /? 0j f, are isomorphisms, then we have an adjoint pairing, that is, the 
functor G is right adjoint to T and a is just the counit of the adjunction. Thus rational 
pairings generalise adjointness. We mention that, given a pairing (T,G,a), Medvedev [17] 
calls T a left semiadjoint to G provided there is a natural transformation tp : Ia — > GT 
such that erT o = It- This means that /8_,_ is a bifunctorial coretraction (dual of [T71 
Proposition 1]) in which case cr is a rational pairing. In case all (S a ,b are epimorphisms, the 
functor G is said to be a weak right adjoint to T in Kainen |15j . For more about weakened 
forms of adjointness we refer to Borger and Tholen [5] . 

Similar to the condition on an adjoint pair of a monad and a comonad (see [11] ) we define 

3.2. Pairing of monads and comonads. A pairing V = (T, G, a) between a monad 
T = (T, m, e) and a comonad G = (G, 5, e) on a category A is a pairing cr : TG — > I between 
the functors T and G inducing - for a, b £ A - commutativity of the diagrams 



(3.1) 



A(a, b) 




A(e a ,b) 



A(a,G{b)) 



A(a,5 b ) 



A(a,G 2 (6)) 



■A(T(a),6) 



■A(T(o),G(6)) 



,G(b) 



(m a ,b) 



A(T 2 (a),fe), 



where 

(3.2) /3^ b : A(o, G(6)) -> A(T(o),6), / : a -> G(6) ^ a fc • T(/) : T(a) -> 6. 

The pairing P = (T, G, cr) is said to be rational if is injective for any a, 6 G A. 



By the Yoneda Lemma, commutativity of the diagrams in (|3.ip correspond to commuta- 
tivity of the diagrams 



(3.3) 



G-^-TG 



T 2 G T 2 G 2 TG 




mG 



TG ■ 



3.3. Pairings and morphisms. Lei V = (T, G, cr) be a pairing, T' = (T', m', e') any monad, 
and t : T' — >• T a monad morphism. 

(i) T/ie triple V' = (T', G, a' := a ■ tG) is also a pairing. 

(ii) 7/ P is rational, then V' is also rational provided the natural transformation t is a 
componentwise epimorphism. 
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Proof, (i). The diagram 



tG 

TG 



commutes since t is a monad morphism (thus t ■ e' — e) and because of the commutativity of 
the triangle in the diagram (|3.3I ) Thus a' ■ e'G = a ■ tG ■ e'G — a ■ eG = e. 
Consider now the diagram 



T'T'G T'T'GG ■ 



T'tGG 



■ T'TGG ■ 



T'aG 



T'G 



T'G (!) TTG 




ttG (2) 




(4) 



tG 



TTS 
(5) 



TTGG ■ 



ToG 



I. 



■TG 




in which diagram (1) commutes since t is a morphism of monads, diagrams (2), (3) and (4) 
commute by naturality of composition, and diagram (5) commutes by commutativity of the 
rectangle in ([373]) • It then follows that 

a' ■ Ta'G ■ T'T'S = a ■ tG ■ T'aG ■ T'tGG ■ T'T'S = a ■ tG ■ m'G = a' ■ m'G, 
proving that the triple V' = (T', G, a' = a ■ tG) is a pairing, 
(ii). It is easy to check that the composite 

A(a, G(b)) ^ A(T(o), b) ^% A(T'(a), b) 

takes / : a -> G(b) to a' b ■ T'(f) : T'(a) -> b and thus - since T(f) ■ t a = t G(a) ■ T'{f) 
by naturality oi t — f3^ b = A(t a ,b) ■ (3^. If t is a componentwise epimorphism, then t a is 
an epimorphism, and then the map A(t a ,b) is injective. It follows that fi a p h is also injective 
provided that fi a v h is injective (i.e. the pairing V = (T, G, <j) is rational). □ 

Dually, one has 

3.4. Proposition. Let V = (T, G,er) be a pairing, G' = (G',5',e') any comonad, and t : 
G' — > G a comonad morphism. 

(i) The triple V' — (T, G', a' := a ■ Tt) is also a pairing. 

(ii) If V is rational, then V' is also rational provided the natural transformation t is a 
componentwise monomorphism. 

3.5. Functors induced by pairings. Let V = (T, G, a) be a pairing on a category A with 
0P h : A(a,G(6)) A(T(o),6) (see J£JJ). 

(1) // (a, 9 a ) e A G , then (a, P% a (9 a )) = (a, a a ■ T(9 a )) G A T . 

(2) The assignments (a, 6 a ) i — > (a, a a ■ T(9 a )), 

f : a — >• b i — > f : a b, 
yield a conservative functor : A G — > At inducing a commutative diagram 



(3.4) 



A G 
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Proof. (1) We have to show that the diagrams 



T(a) 

are commutative. In the diagram 




e G (a) 



T(a) 



T{6a) 




TG(a) - 



the square commutes by naturality of e : / — > T, while the triangle commutes by (|3.3j) . Thus 
Pa, a {°a) ■ e a = a a ■ T(d a ) ■ e a = e a ■ a . But e a ■ a = I a since (a,0 a ) G A G , implying that 
Pa.a(@a) • e a = la- This shows that the left hand diagram commutes. 

Since Pl a {6 a ) = a a ■ T{6 a ), and T(0„) • T{a a ) = T{a G(a) ) ■ T 2 G{6 a ) by naturality of a, the 
right hand diagram can be rewritten as 



T\a) 

T 2 (9 a ) 

T 2 G{a) r 



■ T{a) T( H TG{a) 



TG(a) 



'T(<J G{a) ) 




T A G(6 a ) 

It is easy to see that <j a -T(6 a )-m a — (A(m a ,a)-f3^ a )(9 a ) and it follows from the commutativity 
of the bottom diagram in (|3.ip that 

a a ■ T(0 a ) ■ m a = 0^ (o))O • pl G{a) ■ A(o, 5 a ))(6 a ) 
= a a -T(a G{a) )-T 2 (5 a )-T 2 (d a ). 

Recalling that S a ■ a — G(9 a ) ■ 9 a since (a,e a ) S A G , we get 

o-a ■ T(0 a ) -m a = a a - T(a G{a) ) ■ T 2 G(0 a ) ■ T 2 (0 a ), 

proving that the right hand diagram is commutative. Thus (a, /3^ a (0 a )) 6 Ay. 

(2) By (1), it suffices to show that if / : (a,0 a ) — > {b,0b) is a morphism in A G , then / is 
a morphism in At from the T-module (a, a a ■ T(0 a )) to the T-module (b,ai, ■ T(0b)). To say 
that / : a — > b is a morphism in At is to say that the outer diagram of 

T(0 a ) 



T(a) 

nn 

T(b) 



T(e b ) 



■ TG{a) 

TG(f) 

TG(b) 



is commutative, which is indeed the case since the left square commutes because / is a mor- 
phism in A G , while the right square commutes by naturality of a. Clearly <fr v is conservative. 

The commutativity of the diagram of functors is obvious. □ 

3.6. Properties of the functor § v . LetV = (T, G, a) be a pairing on a category A with 
induced functor $ p : A G -> A T (see \3.5\) . 
(1) The functor $ p is comonadic if and only if it has a right adjoint. 
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► A, the category At admits and the 
At (see [7]). Now, if F : C ->• A G 
C — > At has a colimit in At- Since 



(2) Let C be a small category such that any functor C — > A /ias a colimit that is preserved 
by T . Then the functor $ p preserves the colimit of any functor C — > A G . 

(3) When A admits and T preserves all small colimits, the category A G has and the functor 

preserves all small colimits. 

(4) Let A be a locally presentable category, suppose that G preserves filtered colimits and T 
preserves all small colimits. Then is comonadic. 

Proof. (1) Since U G creates equalisers of G-split pairs, U T creates all equalisers that exist in 
A, and Ut$ v = Ug, A g admits equalisers of $ '''-split pairs and & v preserves them. The 
result now follows from l3.5f 2V 

(2) Since T preserves the colimit of any functor 
functor Ut preserves the colimit of any functor C 
is an arbitrary functor, then the composition $ p 
U T ■ $ p = U G and U G preserves all colimits that exist in A G , it follows that the functor Ut 
preserves the colimit of the composite § v • F. Now the assertion follows from the fact that an 
arbitrary conservative functor reflects such colimits as it preserves. 

(3) is a corollary of (2). 

(4) Note first that Adamek and Rosicky proved in [2] that the Eilenberg-Moore category 
with respect to a filtcrcd-colimit preserving monad on a locally presentable category is locally 
presentable. This proof can be adopted to show that if G preserves filtered colimits and A 
is locally presentable, then A G is also locally presentable. Therefore A G is finitely complete, 
cocomplete, co-wellpowered and has a small set of generators (see [5]). Since the functor $ p 
preserves all small colimits by (3), it follows from the (dual of the) Special Adjoint Functor 
Theorem (see [TB]) that <fr v admits a right adjoint functor. Combining this with (l.ii) gives 
that the functor <fr v is comonadic. □ 

3.7. Properties of rational pairings. Let V — (T, G, a) be rational pairing on A. 

(1) The functor : A G — > At is full and faithful. 

(2) The functor G preserves monomorphisms. 

(3) If A is abelian and G preserves cokernels, then G is left exact. 

Proof. (1) Obviously, $ p is faithful. Let (a,9 a ), (b,9 b ) £ A G and let 

/ : $ p (a, 9 a ) = (a, <j a ■ T(9 a )) -> (6, a b ■ T{6 b )) = $ p (6, 9 b ) 
be a morphism in At- We have to show that the diagram 

(3.5) ; ■ 



G(a) 



G(f) 



G{b) 



commutes. Since / is a morphism in At, the diagram 
(3.6) 



T{a) TG{a) 



T(f) 

T(b) 



T(e b 



■ TG(b) 



commutes and we have 

ff,bWb • /) = <r b • T(9 b -f) = a b - T(9 b ) ■ T(f) 

by (HU = / • °a ■ T(9 a ) 

a is a natural = <T b ■ TG(f) ■ T(9 a ) = <7 6 ■ T(G(f) ■ 9 a ) = ffu(G(f) 
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Since 0^ b is injective by assumption, it follows that G(f) -9 a — 6f f, that is, (|3.5I) commutes. 

(2) Let / : a — > b be a monomorphism in A. Then for any x £ A, the map 

A(T(x)J) : A(T(x), o) -> A(T(x), 6) 
is injective. Considering the commutative diagram 

A(x, G(a)) — ^ A(T(x), a) 



A(x,G(/)) 



HT(x)J) 



A(x,G(b)) -A(T(x), b), 

Pn:,b 

one sees that the map A(x, G(/)) is injective for all x £ A, proving that G(f) is a monomor- 
phism in A. 

(3) is a consequence of (2). □ 

3.8. Comonad morphisms. Recall (e.g. |3J) that a morphism of comonads t : G — > G' 
induces a functor 

t* : A G — > A G ', (o,ff )i->(o,t„-fl ). 

The passage t — > £* yields a bijection between comonad morphisms G — > G' and functors 
V : A G -> A G ' with C7 G V = t/ G . 

If F : A G — » A G is such a functor, then the image of any cofree G -comodule (G(a),5 a ) 
under V has the form (G(a),s a ) for some s a : G(a) — > G'G(a). Then the collection {s a j a £ A} 
constitute a natural transformation s : G — > G'G such that G'e • s : G — ► G' is a comonad 
morphism. 

3.9. Right adjoint for T. Let V = (T, G, a) be a pairing and suppose that there exists a 
comonad T° = (T*,^,^) that is right adjoint to the monad T with unit fj : 1 -> T°T. In 
this situation, the functor Kt,t° '■ At — > A T that takes any (a,h a ) £ At to (a,T°(ft, a ) -77 a ), 
is an isomorphism of categories and U T Kt,t° = Ut (e.g. [HI])- Since Ut^ v = U G , one gets 
the commutative diagram 




■A' 

It follows that there is a morphism of comonads t : G — > T° with Kt,t^^ V = t* 
3.10. Lemma, /n i/ie situation given in \3.(A t is the composite 

rJG T°cr 

G >■ T°TG T° . 

Proof. Since 

• for any (a,6 a ) £ A G , <J> p (a,6> Q ) = (a, <r • T(0 O )), and 

• for any (o, /i tt ) £ A T , K TtT <>(a,h a ) = (a,T°(/i a ) -ry a ), 
it follows that for any cofree G-comodule (G(a),6 a ), 

K T , T >$ v (G(a),6 a ) = (G(a),T«(a G(a) ) -T^T(S a ) .^ G(o) ), 

thus 

*„ - I*(e ) ■ T> G(a) ) • 7*T(i e )-?f G(a) . 

But since 

T*( £a ) • T> G(a) ) = T«{o- a ) ■ T°TG(e a ) 
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by naturality of a and G(e a ) • 5 a = Ig(o)i one nas 

t a = T«(a a ) ■ T°TG(e a ) ■ T°T{5 a ) ■ rJ G{a) = T> Q ) ■ rJ G{a) . 



□ 



3.11. Right adjoint functor of i». In the setting of l3.9[ suppose that the category A G admits 
equalisers. Then it is well-known (e.g. [10] ) that for any comonad morphism t : G — > T°, 



the functor t* 



\. T admits a right adjoint t* 



— > 



A G which can be calculated 



as follows. Recall from 12 .11 that, for any comonad G, we denote by 77 and e the unit and 
counit of the adjoint pair (U G ,<fi G ). Writing a t for the composite 



lG v 



<p 2 U 



GaG <t> 



and /3 t for the composite 



aGttT° v g 4> g u t 



^U 1 



» cf> G U G (j) G U T 



b G u T \A G u T ° ^ atUT > G c/ T > T V T ° 



then t* is the equaliser (we assumed that A G has equalisers) 



t* 



GtjT° 



4> G u 



0t 



o'T' o' U 



Note that the counit Et : t*t* — >■ I of the adjunction t* H t* is the unique natural transfor- 
mation that makes the square in the following diagram commute, 



(3.7) 



GttT 



a t U J 



t*p t 



77 q> U 



rj-iO rj-iO T r J n ^ 



u 1 p u 



It is not hard to see that for any a 6 A, the a-component of the natural transformation a t 
is just the morphism t a : G(a) — > T°(a) seen as a morphism 

U4, G {a) = (G(a),t G{a) -6 a ) -> 4> T \a) = (T»,£) 

in A T . Indeed, since for any a € A, (s G ) a — £ a > while for any (a, v a ) e A T , (rj T )( a , Va ) = v a , 
(at)a is the composite T°(e a ) • £g(o) ' <^a- Considering now the diagram 




in which the square commutes by naturality of composition, while the triangle commutes by 
the definition of a comonad, one sees that {ott)a = ta- 

3.12. Theorem. Let V = (T, G, a) be a pairing on A. Suppose that A admits equalisers and 
that the monad T has a right adjoint comonad T°. Then 

(1) the functor Q v : A G — > At (and hence also f* : A G — > A T ) is comonadic; 

(2) if the pairing V is rational, then A G is equivalent to a reflective subcategory of At- 

Proof. By 13.6( 1). ^ v is comonadic if and only if it has a right adjoint. 

(1) Since the category A G admits equalisers, the functor t* : A G — > A T has a right adjoint 
t* : A T * ->■ A G fbv l3"TTj) . Then evidently the functor t*K T ,G 

is right adjoint to the functor 

Q v . Since Kt,to^ v = t*, it is clear that t* is also comonadic. This completes the proof of 
the first part. 
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(2) If V is rational, $ p is full and faithful bvELTfl). and when $ p has a right adjoint, the 
unit of the adjunction is a componentwise isomorphism (see |16j). □ 

Given two functors F.F' : A —> M, we write Nat(F, F') for the collection of all natural 
transformations from F to F'. As a consequence of the Yoneda Lemma recall: 

3.13. Lemma. Let T = (T,m, e) fee a monad on the category A im£n right adjoint comonad 
T° = (T°, 5°, e°), wraf 77 : / — > an( ^ coun j i i g : _^ j TTien /or any endofunctor 
G : A — > A, i/iere is a bijection 

X : Nat(TG, J) -> Nat(G, T°), TG 4 7 1— > G ^ T°TG 4 T°, 
zot£/i i/ie inverse given by the assignment 

G4f — > TG^TT 4 I. 

3.14. Proposition. Let T fee a monad on a category A mtra ri<?/i£ adjoint comonad T° (as m 
\3.13\) . Then, for a comonad G = (G,<5, e) on A and a natural transformation a : TG — > I, 
the following are equivalent: 

(a) 77ie triple V = (T, G,ct) is a pairing. 

(b) x( <T ) : C — ^ * s a morphism of comonads. 

Proof, (a) (b) follows from Lemma fe.lOl while (b) (a) follows from the dual of 13.31 □ 

3.15. Proposition. Let T fee a monad on A with right adjoint comonad T° (as in \3.13]) and 

let G = (G, 5, e) be a comonad on A. 

(1) There exists a bijection between 

(i) natural transformations a : TG —> I for which the triple V — (T, G, a) is a pairing; 

(ii) comonad morphisms G — ► T*; 

(iii) functors V : A G -)• A T suc/i i/iai t/r^ = C^ G - 

(2) vl functor V : A G -> A T wif/i i/ T V = t^ G is an isomorphism if and only if there exists 
an isomorphism of comonads G ~ T*. 

Proof. (1) By Proposition 13. 14[ it is enough to show that there is a bijective correspondence 
between comonad morphisms G->T 4 and functors V : A G — > At such that UtV = U G . But 
to give a comonad morphism G — > T° is to give a functor W : A G — > A T with U T W — U G , 
which is in turn equivalent - since K^ TO is an isomorphism of categories with UtK^ t<> = U T 
(see OS?]) - to giving a functor V : A G -> A T with U T V = U G . 

(2) According to (1), to give a functor V : A G — > At with UtV — U G is to give a comonad 
morphism t : G — > T° such that t* = Kt.t^V- It follows - since Kt,t<> is an isomorphism of 
categories - that V is an isomorphism of categories if and only if t„ is, or, equivalently, if t is 
an isomorphism of comonads. □ 

3.16. Proposition. Let V = (T, G,ct) fee a pairing on a category A and T* = (T°,(5 ,£ ) a 
comonad right adjoint to T. Consider the statements: 

(i) the pairing V is rational; 

(ii) x( a ) '■ G ~* T° is componentwise a monomorphism; 

(iii) the functor $ p : A G — > At is full and faithful. 
Then one has the implications (i) <^> (ii) => (iii). 

Proof, (i) => (iii) is just Ell). 

(i) (ii) For any a G A, consider the natural transformation 

A(a, G(-)) — A(T(o), -) A(a, T*(-)) , 
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where a denotes the isomorphism of the adjunction T H T°. It is easy to see that the induced 
natural transformation G —¥ T° is just x(<x). Since each component of u a - is a bijection, it 
follows that x( fJ ) i s a componentwise monomorphism if and only if each component of 0% _ is 
monomorphism for all a £ A. □ 

4. Rational functors 

Let A be an arbitrary category admitting pullbacks. 

4.1. Throughout this section we fix a rational pairing V = (T, G, a) on the category A with 
a comonad T° = (T°, 8°, e°) right adjoint to T, unit rj : 1 -4 T°T and counit e : TT° -> J. 
Let £ = x(<t) ( see Lemma r3.13l) . 

For any (a, i? a ) 6 A T °, write T(a,$ Q ) for a chosen pullback 



(4.1) 



T(a,i? Q ) G(a) 

Pl ta 

■T». 



Since monomorphisms are stable under pullbacks in any category and since t a and $ a are both 
monomorphisms, it follows that pi and pi are also monomorphisms. 

As a right adjoint functor, T° preserves all limits existing in A and thus the category A T 
admits those limits existing in A. Moreover, the forgetful functor U T : A T — > A creates 
them; hence these limits (in particular pullbacks) can be computed in A. 

Now, : a — > T°(a) is the (a, i^ a )-component of the unit rj T : I <fi T U T and thus it 



can be seen as a morphism in 



from (o,0 a ) to (T»,(<5°) a ), while t a : G(a) -4 T» 



is the U T ° (a, i9 a )-component of the natural transformation at ■ £* 



(see I3.11T) and 



thus it can be seen as a morphism in A T from t*(G(a), S a ) — (G(a), ta( a ) ■ 8 a ) to (T°(a), <5*). 
It follows that the diagram (|4.1j) underlies a pullback in A T °. In other words, there exists 
exactly one T*-coalgebra structure $x(a,i? a ) : Y(a, $ a ) -4 T°(T(a, i? a )) on T(a, $ a ) making the 
diagram 



(4.2) 



(T(M a ),0 r 



(G(o),t G ( ) • (<5 G )a) 

(r»(o),(0«) 



a pullback in A T . Moreover, since in any functor category, pullbacks are computed compo- 
nentwise, it follows that the diagram (|4.2[) is the (a, i? a )-component of a pullback diagram in 



(4.3) 



Pi 



U<j> G U q 



F u 



atU 1 

rpO 



Since the forgetful functor Ut '■ A^ — > A respects monomorphisms and U T ° Kt,t° — Ut, it 



follows that the forgetful functor U 



rpO 



— > 



also respects monomorphisms. Thus, the 



natural transformations atU T and r) T are both componentwise monomorphisms and hence 
so too is the natural transformation P\ : T — > I. 
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Summing up, we have seen that for any (a, # a ) G A T °, T(a, i9 a ) is an object of A T ° yielding 
an endofunctor 

T:A T °^A T \ (o,tf«)H>T(o,i? ). 

As we shall see later on, the endofunctor T is - under some assumptions - the functor-part 
of an idempotent comonad on A T . 

4.2. Proposition. Under the assumptions from \jn\ suppose that A admits and G preserves 
equalisers. Then the category A G also admits equalisers and the functor t* : A G — > A T 
preserves them. 

Proof. Since the functor G preserves equalisers, the forgetful functor U G : A G — > A creates 
and preserves equalisers. Thus A G admits equalisers. 

Since the forgetful functor U T : A T — > A also creates and preserves equalisers, it follows 
from the commutativity of the diagram 

A G A T ° 




that the functor : A G — > A T ° preserves equalisers. □ 

Note that when A is an abelian category, and G preserves cokernels, then G preserves 
equalisers by Proposition 12.41 and bv !3.7f 3). 

Note also that it follows from the previous proposition that if A admits and G preserves 
equalisers, then the category A G admits equalisers. In view of Proposition 14.21 it then follows 
from 13. Ill that the functor t* : A G — > A T ° has a right adjoint t* : A T ° — > A G . 

4.3. Proposition. Under the conditions of Proposition \4-S\ the functor T : A T — > A T is 
isomorphic to the functor part t^t* of the A T -comonad generated by the adjunction t* H t* : 
A T ° -> A G . 

Proof. Since the functor G preserves equalisers, the functor t* : A G — > A T also preserves 
equalisers by Proposition 14.21 Then the top row in the diagram (|3.7|) is an equaliser, and 
since the bottom row is also an equaliser and the natural transformation at ■ t*0 G — > 4> T 
is a componentwise monomorphism (since (a) a = t a for all a £ A, see I3.11|) . it follows from 
Lemma 12.31 that the square in the diagram ()3.7j) is a pullback. Comparing this pullback with 
(14. 3[) , one sees that T is isomorphic to t*t* (and Pi to e*). □ 

Note that in the situation of the previous proposition, e t : T — > I is componentwise a 
monomorphism. 

For the next results we will assume that the A has and G preserves equalisers. This implies 
in particular that the category A G admits equalisers. 

4.4. Proposition. With the data given in \4-.l\ assume that A has and G preserves equalisers. 
Let (a, "da) be an any object of A T . Then 

(i) T(T(a,tf o ))ajT(a,0 o ). 

(ii) For every regular T° -subcomodule (ao, $ ao ) of (a, $ a ), the following diagram is a pullback, 

T(i) 

T(a ,-da Q ) s- T(a, d a ,s a ) 
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Proof, (i) As we have observed after Proposition 14.31 the natural transformation e< : T — > / is 
componentwise monomorphism. Thus T is an idempotent endofunctor, that is, T(T(a, i? a )) ~ 
T(a,0 o ). 

(ii) For any regular monomorphism i : (ao, $a ) ~ ^ ( a i $a) in j consider the commutative 
diagram 

(4.4) T(a ,tf O0 ) — -T(a,i? a ) 




We claim that the square (et)( a ,i9 a ) ■ T(i) = i ■ (et)( ao .i9 ao ) is a pullback. Indeed, if / : x — > ao 
and g : x — > T(a, i9 a ) are morphisms such that i ■ f = (£t)(a ,tfa a ) ' Sj then we have 

T°(i) ■ l? O0 • / = l? tt • i ■ f = ■da ■ (£i)(aoA» ) ' 5 = * a ' ('«)(«,«») " 5, 
and since the square i a • G(i) = T°(i) ■ t aa is a pullback, there exists a unique morphism 
fc : x — > G(ao) with t ao ■ k = i) ao • / and (it)( a .# a ) • = G(i) • k. Since the functor T°, as a right 
adjoint functor, preserves regular monomorphisms, the forgetful functor U T ° : A T ° — > A also 
preserves regular monomorphisms. Thus i : ao — > a is a regular monomorphism in A. Then 
the square t ao ■ (fct)( O0 A ) = ^a a • ( £ i)(a ,#a ) is a pullback by Proposition l2.4l Therefore, there 
exists a unique morphism k' : x — > T(ao, $ Qo ) with k = {it){a ,-9 a ) ' ^' anc ^ ( e *)(a ,i3a ) ' ^' = /■ 
To show that T(i) ■ k' = g, consider the composite 

(et)(a,tf a ) • -k' = i- (s t )(a ,a ao ) -k' = i- f = (et)(a,i>a) " 5- 
Since (et)( a .ij a ) is a monomorphism, we get k ■ k 1 = g. This completes the proof of the fact 
that the square {£t){a,d a ) ' = i • (et)(a ,i?a ) is a pullback. □ 

4.5. Proposition. Assume the same conditions as in Proposition ^.^ The functor t* : A G — > 
A T corestricts to an equivalence between A G and the full subcategory of A T generated by 
those T°-coalgebras (a, 'da) for which there exists an isomorphism T(a, t9 a ) ~ (a, § a ). This 
holds if and only if there is a (necessarily unique) morphism x : a — > G(a) with t a ■ x — "& a . 

Proof. Since the category A G admits equalisers, it follows from Theorem 13. 1 2 1 1 hat the functor 
£* is comonadic. Thus A G is equivalent to (A T ) . But since St : T —> I is a componentwise 
monomorphism, the result follows from 12.21 

Next, T(a, $ a ) ~ (a, $ a ) if and only if the morphism p\ in the pullback diagram (|4.2p is an 
isomorphism. In this case the composite x = p2 ■ (pi)^ 1 : a — > G(a) satisfies the condition of 
the proposition. Since t a is a monomorphism, it is clear that such an x is unique. 

Conversely, suppose that there is a morphism x : a — > G(a) with t a ■ x = i? a . Then it is 
easy to see - using that t a is a monomorphism- that the square 

a G(a) 

I ta 

a T°(a) 

is a pullback. It follows that T(a, i & a ) — (a, $a)- D 
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4.6. Rational functor. Assume the data from \4- I\ to be given and that A has and G preserves 
equalisers. Define the functor 

it-. Kt to y ^T to 

Rat ^ ; At — ^ A T ° A T ° — A T . 

Then the triple (Rat p , e v , 5 V ), where e v — K^ T<> ■ St ■ Kt,t° arid S v = K^ T<> ■ St • Kj>,t°> * s 
a comonad on At- Moreover, for any object (a,h a ) of At, 

(i) Rat p (Rat 7 '(a, h a )) ^ Rat 73 (a, h a ); 

(ii) for any regular T-submodule {ao,h ao ) of {a,h a ), the following diagram is a pullback, 

Rat (ao,t?oo) *■ Rat (a,i? 0) ^ o ) 

(£ P )(a ,f)a ) 



a ■ 



Proof. Observing that (Rat 73 , e v , S v ) is the comonad obtained from the comonad (Y,£ t ,# t ) 
along the isomorphism K^ TO : A T — > At (see [22]), the results follow from Proposition 
431 □ 



We call a T-module (a,h a ) rational if Rat p (a, h a ) ~ (a,h a ) (which is the case if and 
only if (e :P )(a.h a ) is an isomorphism, see I2.20 . and write Rat' P (T) for the corresponding full 
subcategory of Ax. Applying Proposition 14.51 gives: 



4.7. Proposition. Under the assumptions of Proposition \4^o[ let (a, h a ) & At- Then (a, h a ) G 
Rat 7 '(T) if and only if there exists a (necessarily unique) morphism x : a — > G(a) inducing 
commutativity of the diagram 

G(a) 




a *-T°(a). 

Putting together the information obtained so far, we obtain as main result of this section: 

4.8. Theorem. Let V = (T, G, <r) be a rational pairing on a category A with a comonad 
T° = (T° , 5° , e°) right adjoint to T. Suppose that A admits and G preserves equalisers. 

(1) Rat 7, (T) is a coreflective subcategory of At, i.e. the inclusion i-p : Rat 7 '(T) —¥ At has 
a right adjoint rat 73 : At — > Rat v (T) . 

(2) The idempotent comonad on At generated by the adjunction i-p H rat 73 is just the idem- 
potent monad (Rat ,£ p ). 

(3) The functor 

: A G — > At, (a, <? a ) ^ (a, a a ■ T(0 a )), 
corestricts to an equivalence of categories PJ' : A G — > Rat 77 (T) . 

As a special case, consider for A the category of left A-modules, A any ring. For an 
A-coring C there is a pairing (C* , C, ev). If this is rational it follows by Theorem 14. 81 that the 
C-comodules form a coreflective subcategory of c*M (see ll.2l) . 

5. Pairings in monoidal categories 

We begin by reviewing some standard definitions associated with monoidal categories. 

Let V = (V, <8>,I) be a monoidal category with tensor product ® and unit object I. We 
will freely appeal to MacLane's coherence theorem (see [E]); in particular, we write as if the 
associativity and unitality isomorphisms were identities. Thus X ® {Y ® Z ) = (X Cg> Y) <g) Z 
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and I ® X = X ® I for all X, Y, X £ V. We sometimes collapse ® to concatenation, to save 
space. 

Recall that an algebra A in V (or V-algebra) is an object A of V equipped with a multipli- 
cation m A ■ A ® A — > A and a unit e A : I — > A inducing commutativity of the diagrams 



A® A® A- 

A®m A 

A® A' 



m A (g>A 



■ A ® A 

m A 



e A ®A 

I® A ^ A® A- 




A®1 



Dually, a coalgebra C in V (or V-coalgebra) is an object C of V equipped with a comulti- 
plication Sc ■ C — > C ® C, a counit Sc ■ C — > I and commutative diagrams 



c®c®c- 

c®s c 
C®C- 



S C ®C 



C®C 1®C~* — c®c- 



■C®I 



Sc 



Sc 



a 




5.1. Definition. A triple V = (A, C,t) consisting of a V-algebra A, a V-coalgebra C and a 
morphism t : A ® C — > I, for which the diagrams 



(5.1) 



A® A®C ■ 



A®A®8 C 



■ A® A® C ® C ■ 



A®t®C t _ e A ®C ^ 

>- A®C < C 



m A ®C 



A®C- 




commute, is called a left pairing. 

A left action of a monoidal category V = (V, <g>,I) on a category X is a functor 

-0- : VxX^X, 
called the action of V on X, along with invertible natural transformations 



ola^b.x ■ {A ® B)0X -> A0{B<>X) and X x : I<}X -»• X, 

called the associativity and unit isomorphisms, respectively, satisfying two coherence axioms 
(see Benabou [3]). Again we write as if a and A were identities. 

5.2. Example. Recall that if B is a bicategory (in the sense of Benabou [4]), then for any 
A&Ob{B), the triple (B(A,A),o,Ia), where o denotes the horizontal composition operation, 
is a monoidal category, and that, for an arbitrary B £ B, there is a canonical left action 
of B(A, A) on B(B,A), given by f<?g = fog for all / £ B(A, A) and all g £ B(B, A). In 
particular, since monoidal categories are nothing but bicategories with exactly one object, 
any monoidal category V = (V, ®, I) has a canonical (left) action on the category V, given by 
A<)B = A®B. 

5.3. Actions and pairings. Given a left action — <)— : V x X — >• X of a monoidal category 
V on a category X and an algebra A = (A, e A , itla) in V, one has a monad on V defined 
on any AT £ V by 

. Tl(X) = AOX, 

• (e T \)x = e A 0X : X = I$X -> A<)X = Tf (X), 

• (m T x ) x = m A <)X : T*(T*(X)) = A0(A<>X) = (A® A)<)X A<>X - Tf (X), 
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and we write aX for the Eilenberg-Moore category of TA-algebras. Note that in the case of 
the canonical left action of V on itself, aV is just the category of (left) A-modules. 

Dually, for a V-coalgebra C = (C,ec,Sc), a comonad = (C0~, ecO^i ^cO—) is 
defined on X and one has the corresponding Eilenberg-Moore category C X; for X = V this is 
just the category of (left) C-comodules. 

It is easy to see that if V = (A, C, t) is a left pairing in V, then the triple V% — (1a, G^,a t ), 
where at is the natural transformation 

tO- : T A • G c = AO(CO-) = (A ® C)0- ->• I ® - = I, 

is a pairing between the monad and comonad G^. 

We say that a left pairing (A, B, a) is ^-rational, if the corresponding pairing Vx is rational, 
i.e. if the map 

(3^ Y : X(X, COY) -¥ X(A<>X, Y) 

taking / : X -> COY to the composite A<)X -^4 AO(COY) = A®OY Y, is injective. 

We will generally drop the X from the notations Tj£, and Vx when there is no danger 
of confusion. 

5.4. Closed categories. A monoidal category V = (V, <S>, r, I) is said to be right closed if 
each functor — ® X : V — s> V has a right adjoint [X, — ] : V — s- V. So there is a bijection 

(5.2) rry,x,z : V(y ® X, Z) ~ V(F, [X, Z]), 

with unit 77^ : X -> [Y, X <g> Y] and counit e| : [Y, Z] ® Y -> Z. 

We write (-)* for the functor [-, I] : V op -> V that takes X G V to [X, I] and / : Y -> X to 
the morphism [/, I] : [X, I] — > [Y, I] that corresponds under the bijection (|5.2[) to the composite 

[x, I] (g) y — 1 . [x, I] <g> x — 1. 

Symmetrically, a monoidal category V = (V, ®, r, I) is said to be Ze/t closed if each functor 
X <g> - : V -> V has a right adjoint {X, -} : V -> V. We write rf x : X -t [Y, Y ® X] and 
: y ® {y Z} — > Z for the unit and counit of the adjunction X ® — H {X, — }. One calls 
a monoidal category closed when it is both left and right closed. A typical example is the 
category of bimodules over a non-commutative ring R, with as ®. 

5.5. Actions with right adjoints. Suppose now that — (}— : V x X — > X is a left action 
of a monoidal category V on a category X and that A = (A, ca, tua) is an algebra in V such 
that the functor AO— : X — ► X has a right adjoint {A, — }x : X — > X (as it surely is when 
V = £>(A,A) and X = A) for some objects A, B of a closed bicategory 6, see Example 

El) 

Recall (e.g. [TT]) that given a monad T = (T, mr, &r) on a category X and an endofunctor 
G : X — y X right adjoint to T, there is a unique way to make G into a comonad G = (G, 6q, £g) 
such that G is right adjoint to the monad T. Since the functor {A, — }x : X — > X is right 
adjoint to the functor AO— : X — > X and since A<(>— is the functor-part of the monad Ta, 
there is a unique way to make {A, — }x into a comonad G(A) = ({A, — }x, <5g(a), £g(a)) such 
that the comonad G(A) is right adjoint to the monad Ta- 

Dually, for any coalgebra C = (C, Sc,£c) in V such that the functor C<>— : X — >• X has 
a right adjoint {C, — }x : X — ► X , there exists a monad T(C) whose functor-part is {C, — }x 
and which is right adjoint to the comonad G c . 

5.6. Pairings with right adjoints. Consider a left action of a monoidal category V on a 
category X and a left pairing V = (A, C, a) in V, such that there exist adjunctions 

A<>- H {A, -} x , -OA H [A, -] x , CO- H {C, -} x , and - H [C, -] x . 

Since the comonad G(A) is right adjoint to the monad Ta, the following are equivalent by 
Proposition 13.161 
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(a) the pairing V is X-rational; 

(b) for every leX, the composite 

a v . c<>x {Ai AO(COX)} x = {A, (A ® C)«l} x {A,t ^ } % {A, X} x , 

where rjc<^x i s triC C<>A-component of the unit of the adjunction A()— H {A, — }%, is a 
monomorphism. 

If (one of) these conditions is satisfied, then the functor 

$ p : C X -> A X, (X, X ^ C^X) i— > (X, A^(CO*) = (A ® C)^A X) 

is full and faithful. 

Writing Rat 73 (resp. Rat 7? (A)) for the functor Rat Px (resp. the category Rat Px (TA)), one 
gets: 

5.7. Proposition. Under the conditions given in \5.6l assume the category X to admit equalis- 
ers. If V is an H-rational pairing in V such that either 

(i) the functor C{>— : X — > X preserves equalisers, or 

(ii) X admits pushouts and the functor C{>— : X — > X preserves regular monomorphisms, or 

(iii) X admits pushouts and every monomorphism in X is regular, 
then 

(1) the inclusion i-p : Rat' P (A) — > aX has a right adjoint rat 75 : aX — > Ra,t v (A); 

(2) the idempotent comonad on aX generated by the adjunction is just Rat^ : aX —y aX; 

(3) the functor <& v : C X — > aX corestricts to an equivalence W : Rat^(A) — > C X. 

Proof. For condition (i), the assertion follows from Theorem 14.81 We show that (iii) is a 
particular case of (ii), while (ii) is itself a particular case of (i). Indeed, since V is an X-rational 
pairing in V, it follows from l3.7f 2) that the functor C<0— : X — > X preserves monomorphisms, 
and if every monomorphism in X is regular, then C<C>— : X — > X clearly preserves regular 
monomorphisms. Next, since the functor C<0>— : X — > X admits a right adjoint, it preserves 
pushouts, and then it follows from Proposition 12.41 that C()— : X — > X preserves equalisers. 
This completes the proof. □ 

5.8. Nuclear objects. We call an object V E V is (left) X-prenuclear (resp. X-nuclear) if 

• the functor - <g) V : V -> V has a right adjoint [V, -] : V -> V, 

• the functor y*^- : X -> X, with V* = [V, I], has a right adjoint {V"*, -} x : X ->• X, and 

• the composite 

ax : V^X ( ^^{V*, V*0(VOX)} = {V* , (V* ® F)0^} {V*,X}, 

is a monomorphism (resp. an isomorphism), where ((r])x)v<>x is the y<0>X-component 
of the unit rjx : - -4 {F*, V"*0~} of the adjunction F*<>- H {V*, -}. 
Note that the morphism ax '■ VQX — > {V*,X} is the transpose of the morphism e(§X : 
(V* (g> V)<>X -> X under the adjunction F<>- H {V, -} x . 

Applying Proposition 15.71 and I6.10[ we get: 

5.9. Proposition. Let V be a monoidal closed category and C = (C,ec,o~c) V-coalgebra 
with C "K-prenuclear, and assume X to admit equalisers. If either 

(i) i/ie functor C{>— : X — > X preserves equalisers, or 

(ii) X admits pushouts and the functor C{>— : X — > X preserves regular monomorphisms, or 

(iii) X admits pushouts and every monomorphism in X is regular, 
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then Rat v{c) (C*) is a full coreflective subcategory o/c*X and the functor $ p ( c ) : C X —5- c*X 
corestricts to an equivalence : C X — > Rat^ c ^(C*). 

Specialising the previous result to the case of the left action of the monoidal category 
c*Mc« of C*-bimodules on the category of left C*-modules, one sees that the equivalence 
of the category of comodules C M and a full subcategory of c*M for aC locally projective 
addressed in 11.21 is a special case of the preceding theorem. 

Recall (e.g. from [TB]) that a monoidal category V = (V, ®, I) is said to be symmetric if for 
all I,) 7 £ V, there exists functorial isomorphisms tx,y ■ X ®Y — > Y ® X obeying certain 
identities. It is clear that if V is closed, then {X, — } ~ [X, — } for all leV. 

5.10. Pairings in symmetric monoidal closed categories. Let V = (V, ®,I,t, [— , — ]) be 

a symmetric monoidal closed category and V = (A, C, t) a left pairing in V. For any X € V, 
we write 

7a- : A* <8> X -> [A, X] 
for the morphism that corresponds under 7r (see (|5.2jl ) to the composition 

t a * X ®A ef- 

A* eg. X ® A : X <g> A* <g> A — X . 

Since the functor [A, —], as a left adjoint, preserves colimits, it follows from [HI Theorem 2.3] 
that there exists a unique morphism j(t) : C —> A* such that the diagram 

(5.3) C®X — ^A*®X 



[A,X] 

commutes. Hereby the morphism j(t) corresponds under tt to the composite a ■ tq.a- 

5.11. Proposition. Consider the situation given in \5.10\ 

(1) If V is a rational pairing, then the morphism j(t) : C — > A* is pure, that is, for any 
X G V, the morphism "f(t) ® X is a monomorphism. 

(2) If A is V -nuclear, then V is rational if and only if j(t) : C — > A* is pure. 

(3) § v : C V — > a"^ * s an isomorphism if and only if A is V -nuclear and j(t) : C — > A* is 
an isomorphism. In this case C is also V -nuclear. 

Proof. (1) To say that V is a rational pairing is to say that ax is a monomorphism for all 
X G V (see Proposition 15. 6p . Then it follows from the commutativity of the diagram (|5.3[) 
that 7(f) ® X is also a monomorphism, thus j(t) : C —¥ A* is pure. 

(2) follows from the commutativity of diagram (|5.3p . 

(3) One direction is clear, so suppose that the functor $ is an isomorphism of categories. 
Then it follows from Proposition 13. 15f 2) that ax is an isomorphism for all X G V. It implies 
that the functor [A, —] preserves colimits and thus the morphism jx is an isomorphism (see 
[l4l Theorem 2.3]). Therefore A is V-nuclear. Since ax and ^x are both isomorphisms, 
it follows from the commutativity of diagram (|5.3I) that the morphism j(t) ® X is also an 
isomorphism. This clearly implies that j(t) : C —> A* is an isomorphism. 

It is proved in [2TJ Corollary 2.2] that if A is V-nuclear, then so is A* . □ 

6. ENTWININGS IN MONOIDAL CATEGORIES 

Recall (for example, from [18]) that an entwining in a monoidal category V = (V, ®, I) is a 
triple (A, C, A), where A = (A, eA,mA) is a V-algebra, C = (C,ec,Sc) is a V-coalgebra, and 
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A: A®C^C®A is a, morphism inducing commutativity of the diagrams 

A®C 





A®C 

A 

C®A- 



A®C ®C m > C ®A®C 



A® A(g)(7 ^A(g)C(g)A ®A®A 



5 c tg>A 



C®C 



A, 



A®C- 



®A . 



For any entwining (A, C, A), the natural transformation 

\' = \®-:T A oG c =A®C®-^C®A®~ = G c oT A 

is a mixed distributive law from the monad Ta to the comonad G c . We write C for the 
ziV-comonad G c , that is, for any (V, hv) € aV, 

C(V, h v ) = (C®V,A®C®V ^> C®A®V C ® V), 

and write ^V(A) for the category VJf A (A'). An object of this category is a three-tuple 
(V, 6v,hv), where (V, 6y) £ C V and (V,h v ) e ^V, with commuting diagram 



(6.1) 



A®V ■ 



V ■ 



A®C ®V ■ 



■C®V 

C0h v 

■ C ® A ® V. 



The assignment ((V, hv), 0(v,h v )) 1 — > ^{v,h v )^v) yields an isomorphism of categories 

A : ( A Yf -> gV(A). 

6.1. Representable entwinings. For objects A, C in a monoidal category V = (V, <8>,I), 
consider the functor 

V(- ®C,A) : Y op -> Set 
taking an arbitrary object V £ V to the set V(V ®C,A). Suppose there is an object E e V 
that represents the functor, i.e. there is a natural bijection 

w: V(-®C, A) -¥(-,£)■ 
Writing /3 : E ® C — > A for the morphism it follows that for any object V £ V and 

any morphism / : V ® C — > A, there exists a unique /3/ : V — >• making the diagram 



C 




commute. It is clear that = /. 

We call an entwining (A, C, A) representable if the functor 
representable. 



(- ®C,A) : Y°p -> Set is 



6.2. Examples. 

(i) If the functor — ® C : V — > V has a right adjoint [C, — ] : V — > V, then it follows from 
the bijection V(V ® C, A) ~ V(V, [C,A]) that the object [C,A] represents the functor 
V(— ® C, A). In particular, when V is right closed, each entwining in V is representable. 
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(ii) If C is a right V-nuclear object, the functor V(— ® C, A) : Y op —> Set is representable. 
Indeed, to say that C is right V-nuclear is to say that the functor C ® — : V — > V has a 
right adjoint {C, -} : V -> V, the functor - ® *C = - ® {C, 1} : V -)■ V also has a right 
adjoint [*C, — ] : V — >• V, and the morphism 

a' v : V ® C -> [*C, V] 

is a natural isomorphism. Considering then the composition of bijections 

V(- (8 *C, ?) ^ V(- [*C, ?]) ~ V(-, ? ®C), 

one sees that the functor — ®C admits the functor — Cg> *C as a left adjoint. The same 
arguments as in the proof of Theorem X.7.2 in |16j then show that there is a natural 
bijection 

V(-®e,A) ~ V(-,A<g>*C). 
Thus the object A®*C represents the functor V(- ®C,A) : Y op ->• Set. 

6.3. Proposition. Let (A, C,A) be a representable entwining inV = (V, 0,1) with represent- 



ing object E (see \ 6.1\) . Let eg 
composite 

while q is the composite 



Pr : 



E and the = (3 e : E ® E — > E, where r is the 



• C ~C 



E®E®C mmSc > E®E®C®C^^E®A®C^\E®C®A^A®A^ 

(i) The triple (E, e^, Toe) is a V-algebra. 

(ii) 77ie morphism i := pA®ea '■ A —¥ E is a morphism of V -algebras. 
Proof, (i) First observe commutativity of the diagrams 

(6.2) E®E®C 1®C = C 

E®C A, £ „ 

To prove that mE is associative, i.e. the ■ (toe <8> -E) = the • (E <g> toe), it is to show 
(3 ■ (toe ® C) • (m E ®E®C) = f3- (m E ® C) ■ {E ® m E ® C). 
For this, consider the diagram (deleting the ^-symbols) 




EEEC 

m E EC 

EEC 



EEESc 



(1) 



EE<5 C 



EEECC 

m E ECC (2) 
\ 

EECC 



EE EE A EE 8c A EfiCA 

»* EE AC *~ EEC A >■ EECC A 



E/3C 



m E CA 
I 

■EAC- 



(3) 



m E CA 

-£CA 

AA' 



(4) 



(5) 



A- 



EACA 

EXA 

EC A A 

/3AA 

AAA 

Am a 

AA, 



A. 



in which the diagrams (1),(2) and (3) commute by naturality of composition, diagram (4) 
commutes by definition of Toe, and diagram (5) commutes by associativity of TOa- It follows 

(6.3) f3 ■ (toeC) • (m E EC) = m A ■ Am A ■ [3AA ■ EXA ■ EfiCA ■ EE 8c A- EEX ■ EE/3C ■ EEESc- 
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Now we have 
/3 ■ ttieC ■ EtueC 

nat. of composition 
by t6~2l 
coassociativity of 5c 
nat. of composition 
A is an entwining 
nat. of composition 
A is an entwining 
nat. of composition 
by to~3l l 



m A ■ (3 A 

m A ■ 13 A 

m A ■ (3 A 

m A ■ {3 A 

m A ■ {3 A 

m A ■ /3 A 

m A ■ /3 A 

m A ■ f3 A 



EX ■ E(3C ■ EES C ■ Em E C 



EX ■ E(3C ■ Em E CC ■ 
EX ■ Em A C ■ E/3AC 
EX ■ Em A C ■ E/3AC ■ 
EX ■ Em A C ■ Ef3AC 
ECm A ■ EXA ■ EAX 



■ EEESc 

■ EEXC ■ EE(3CC ■ EEE5 C C ■ EEE8 C 

■ EEXC ■ EEfiCC ■ EEEC8 C ■ EEESc 

■ EEXC ■ EEA8 C ■ EEf3C ■ EEE8 C 

■ Ef3AC ■ EEXC ■ EEA5 C ■ EEf3C ■ EEESc 
ECm A ■ EXA ■ Ef3CA ■ EECX ■ EEXC ■ EEAS C ■ EE/3C ■ EEESc 
ECm A ■ EXA ■ Ef3CA ■ EE5 C A ■ EEX ■ EE(3C ■ EEE5 C 

m A ■ Am A ■ (3AA ■ EXA ■ Ef3CA ■ EES C A ■ EEX ■ EE/3C ■ EEESc 
ft ■ uieC ■ ttieEC. 



It follows that rriE ■ (jn E ® E) = the • (E ® tue), and thus tue is associative. To prove that 
e E is the unit for the multiplication m^, it is to show 

P- {m E ®C) ■ (e E ®E<g>C) = /3 and /3 ■ (m E ® C) ■ (E <8 e E ® C) = /3. 

In the diagram 

es c PC \ 
EC >■ ECC ^ AC CA 



e E EC 



ecA 



(1) e E ECC (2) e E AC (3) e E CA (4) 




EEC EE p c EAC irfV^^ 4 



Ee E C 



(5) Ee E CC (6) EcaC ECe A (7) Ae A (8) 



EC- 



ES C 



ECC- 



Ee c C 



EC- 



A- 




the diagrams (1), (2), (3), (5) and (7) are commutative by naturality of composition, the dia- 
grams (4) and (6) are commutative by (|6.2I) , diagram (8) and the top triangle are commutative 
since e A is the unit for the multiplication m A , and the bottom triangle commutes since A is 
an entwining. Commutativity of the diagram implies 

t3-{m E ®C)-{e E ®E®C) = {e c ® A) ■ A • (fi ® C)(E ® S c ) 

X is an entwining = (A ® Sc) • (J3 <8> C) • (E ® 5 C ) 
nat. of composition = f3 ■ (E (g) C ® £c) • (E ® Sc) 
since(C ® ec) ■ 5c — I = (3 

= f3-{m E ®C)-{E®e E ®C). 

Thus eE is the unit for m E . This completes the proof of (i). 

(ii) We have to show i ■ e A = i E and tue • (i <8> i) = i • m A . For this consider the diagram 

^ e A ®C . ^ i®C 

C >■ A®C ^E®C 



A®ec 



A 
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Since the square commutes by naturality of composition, while the triangle commutes by 
definition of i, the outer diagram is also commutative, meaning f3 eA . £c = i-e A . But f3 eA . £c = &e- 
Thus i ■ e A = f-E- 

Next, consider the diagram 




A®A®8 



i®A®C®C 

A®A®C E ® A®C ®C 



E®E®C 



a a ^ ^ A®A®e c ®C A®\ , _ , 

A ® A ® C ® C >- A® A®C *- A®C®A 



A®e c ®C 



E®E®8 



E®i®Cy y C 



- E ® E ®C ®C ■ 




E0/3&C 



■ E ® A ® C ■ 



E®\ 



E®C® A 



A®e c ®A 



A® A 



0®A 



in which the two triangles commute by definition of i, and the quadrangles commute by 
naturality of composition. We have 



uj ■ (i ® i)) 

since (sc ® C) • 8c — I 
by definition of A 
nat. of composition 
since A (g> sc — ft ■ (i ® C) 



m A ■ (f3 ® A) ■ (E ® X) ■ (E ® f3 ® C) ■ (E ® E ® 6 C ) ■ (i ® i ® C) 
m A ■ (A® s c ® A) ■ (A® A) • {A® A® e c ® C) ■ (A® A® 6 C ) 
m A ■ (A® sc ® A) ■ (A® A) 
m A - {A® A® ec) 
(A ® e c ) ■ {mA ® C) 
[3 ■ {i®C) ■ (m A ® C) 
[3 ■ ((«■ m A ) ® C) 
cj _1 (z • m A ). 



Thus rriE • {i ® i) — i • rn A . This completes the proof. 

6.4. Proposition. With the data given in Provosition \6 .S[ there is a functor 

S : $V(A) E V 

with commutative diagram 

(6-4) gV(A) E Y 



□ 




where jJJ : ^V(A) — » V is the evident forgetful functor. 

Proof. For any (V, 8 Vl h v ) £ §V(A), write l v : E ® V -> V for the composite 

E® V ^>E®C®V^A®V^V. 
We claim that (V, Lv) € _eV. Indeed, to show that iy ■ (e E ® V) = 1, consider the diagram 

e v „ „ s c ®v 



V ■ 



c®v 



e E ®V 



e B ®C®V 



E®V ■ 



E®C®V 




in which the left squares commutes by naturality of composition, the right one commutes by 
(|6.2j) . while the triangle commutes since (V, hy) 6 A V. It follows - since (V,dv) G C V, and 
hence (s c ® V) ■ 6 V = I - that l v ■ (e E ® V) = [s c ® V) ■ 8 V = I ■ 
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Next, consider the diagram 

EE9 V 



EEV ■ 

EE6 V 

EECV 



m E CV 



EECV- 



Ef3V 



Eh v 

EAV *- EV 



(1) EEC9v 

EECCV ■ 



(2) 



EES C V 



E/3CV 



EA9i, 

->■ EACV ■ 




EXV 



ECh\ 

ECAV *■ ECV 



(4) 



ECV- 



pAV 

AAV- 

m A V 

— >■ AV ■ 



(5) 



Ah v 
(6) 



ffV 

AV 

hv 

-v, 



in which diagram (1) commutes since (V, 6y) £ V, the diagrams (2) and (5) are commutative 
by naturality of compositions, diagram (3) commutes by (|6.1[) . diagram (4) commutes by 
definition of m E , and diagram (6) commutes since (V, hy) £ aV. It follows that 

Lv{E®i V ) = h v ■ Q3®V) • (E®9 V ) ■ (E®h v ) ■ (E®(3®V) ■ (E ® E ® 9 V ) 
= hv{p®V)-{m E ®C®V)-{E®E®6 v ) 

nat. of composition = hy ' {P ® V) ■ (E !g> By) ' (iTlE <8> V) 
= by ■ (m E ® V). 

Thus, (V,by) E E V. Next, if / : (V,0y,hy) -> (y',Q v ,,h v >) is in S V ( A )> then the diagram 

h\ 



(6.5) 



A® V ■ 

A®f 

A®V ■ 



V- 



f 



V 



■c®v 

c®f 

-c®v 



is commutative. In the diagram 



E®V- 

E®f 

E®V 



E®C®V— — ^ A®V — 



E®C®f 



A®} 



E®B X 



E®C®V' — f-A® V 



V 

f 
v, 



the middle square commutes by naturality of composition, while the other squares commute 
by (|6.5p . Thus, / can be seen as morphism in #V from (V, by) to (V , by). It follows that the 
assignment 

(V, 9 V , h v ) i— > (V, L V = h v ■ (fi ® V) ■ (E ® 6 V )) 
yields a functor S : ^V(A) —> bV. It is clear that E makes the diagram (|6.4I) commute. □ 

In order to proceed, we need the following result. 

6.5. Lemma. Let T = (T, ey, mr) and H = (H,eH,mH) be monads on a category A, i : 
T — > H a monad morphism and i» : Ah — > At the functor that takes an H-algebra (a, Ha) to 
the T -algebra (a,h a ■ i a ). Suppose that T° = (T°, e°, m°) (reap. If = (if 9 , e#o, mm)) is a 
comonad that is right adjoint to T (resp. H). Write i : H° — > T° for the mate of i. Then 
(1) i is a morphism of comonads. 
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(2) We have commutativity of the diagram 
(6.6) 



K f 



Kn 



(3) If A admits both equalisers and coequalisers, then 

(i) the functors i* and (I)* admit both right and left adjoints; 

(ii) i* is monadic and (i)* is comonadic. 

Proof. (1) This follows from the properties of mates (see, for example, 
(2) An easy calculation shows that for any (a, h a ) 6 Ajj, one has 

(J)* o K H<H o(a,ha) = {a, (?)„ • H°(h a ) ■ a ar 
K T . T o oi*(o,ft ) = (a,T°(/(, a ) • T°(« a ) • r a ), 

where cr : 7 — » 77°77 is the unit of the adjunction 77 H 77°, while t 
the adjunction T H T°. Considering the diagram 

^77(a) ^ 77» 



and 



T°T is the unit of 



T°T(a) 



T°(i ) 



T° 77(a) 



(*). 

7», 



in which the right square commutes by naturality of i, while the left one commutes by Theorem 
IV.7.2 of [16 , since i is the mate of I. Thus (i) a ■ H°(h a ) ■ a a = T°(h a ) ■ T°(i a ) ■ r a , and hence 
(i)* o Kh,h° — Kt,t° ° i*- 

(3)(i) If the category A admits both equalisers and coequalisers, then Ah admits equalisers, 
while A H admits coequalisers. Since Kh.h° is an isomorphism of categories, it follows that 
the category Ah as well as the category A H ° admit both equalisers and coequalisers. Then, 
according to 13.111 and its dual, the functor (i)* admits a right adjoint (i)* , while the functor 
i* admits a left adjoint i* . Then clearly the composite i\ = (Kh,h & ) ' (*)* ' Kt,t° is right 
adjoint to i», while the composite (i)< = Kh,h° ' i* ■ (Kt,t°) _1 is left adjoint to (i)*. 

(3) (ii) Since the functors i* and (z)„ are clearly conservative, the assertion follows by a 
simple application of Beck's monadicity theorem (see, [TB]) and its dual. □ 

6.6. Left and right adjoints to the functor i*. In the setting considered in Proposition 
16.31 suppose now that V admits both equalisers and coequalisers and that there are adjunctions 
A <g) - H {A, -} : V -> V and E ® - H {75, -} : V -> V. Then, according to Lemma ESJ the 
functor : — >■ has both left and right adjoints i* and ii. It follows from 13. Ill and its 
dual that for any (V, hy) S 4V, i*(V, hy) is the coequaliser 



E®A®V 
while ii(y,/iy) is the equaliser 

(6.7) 



h r „0V 



E®h v 



E®V £i*(V,h v ), 



h (V,hy) e -^U{E,V} 



{h l E ,V} 



{A® E,V}. 



where h r E = ■ [E <g> i), h E — m E • (i 

A®E®{E,V} 



E) and k is the transpose of the composition 

h\ 



-> A® V 



V. 
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We write E <E>a — for the functor i* (as well as for the ^V-monad generated by the adjunction 
i* H i*) and write {E, —}a for the functor i\ (as well as for the ^V-comonad generated by the 
adjunction H it). 

According to Lemma l6.51 the comparison functor Ki* : — > (a^)e® a - is an equivalence 
of categories. It is easy to check that for any (V, hy) G bV, AV(V, /ly) = ((V, fy), K(v,/i v ))i 
where ty = hy • (*®V), while K(v,hv) ■ -^®aV — > V is the unique morphism with commutative 
diagram 



(6.8) E®V 




Such a unique morphism exists because the morphism hy : E eg) V — > V coequalises the pair 
of morphisms {h,E ®V,E ® vy). 

6.7. Pairing induced by the adjunction E ®a — H {E, —}a- We refer to the setting 
considered in 16.61 Writing $ for the composition 

UY f 4 c v(A) 4 bV UV ) B8 ,_ *w. t *-> A) U v){ E >-}-, 

one easily sees that # makes the diagram 

\{E,-}a 




commute, were U c is the evident forgetful functor. Then, according to 13.81 there is a unique 
morphism of comonads a : C — » {.E, — }a such that a* = ^. 

Since the triple (E ®a —, {E, —}a, where is the counit of the adjunction E ®a — H 
{E, — }a, is a pairing fsee I3.1[) . it follows from Proposition 13.41 that the triple 

(6.9) V(X) = (E ® A - {E, -} A , o:=e E - (E ® A «)) 

is a pairing on the category ^V. 

A direct inspection shows that for any ((V, uy), #(y,i/y)) e (aV) c , SA((V, vy), 6ty <Vv \) = 
(V, £), where £ is the composite 

E ®V Emv ^ ) E ®C®V^A®V^V. 

Then 
and thus 

t?((^ Vy), 9(y,vv)) = Ke® a -,{E,-u(( V ' U v)' K (V,£)) = ((V, v v), 0{V,u v )), 

where 9iy >Vv \ is the composite 

V%{E,E ® A V} A { *'"<™ } *, {25, F}a- 

Here ^ : I — > {E, E 0,4 — }a is the unit of the adjunction E ®a — H {E, — }a- 
Since for any object (V, i>y) e Va, the pair 

(C(V, w), (<%)(y,* v) ) = ((C ® V, ft), ® V), 
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where h is the composite (C ® z^/ ) • (A ® V) : A ® C ® — > C ® V, is an object of the category 



G 



' , one has 



® V, /i), <5 C ® V) = ((C ® V, (C (8 iv) • (A ® V"), ( c Wft ))> 
where 0(c®v,h) '■ C ® V — J> {25, £ ®a is the composite 

c ® v ^> {25, £ ®a (c ® y)}^ {Jg|K(C ® v -» } > {25, C ® V} A . 

Here £ is the composite 

E®C®V > E ®C ®C ®V > A®C ®V ► C ® A ® V" > C ®V. 

Now, according to 13.81 the (V, zv)-component a^v.uv) °f the comonad morphism a : C — » 
{25, — }a is the composite 

C ® y ^ {25, E® A (C® V)} A {E ^^\ {El C ® F}a {£ - ec ® v}a > {25, ^}a, 
i.e. a(y^ v ) is the transpose of the composite (sc ® V) • K(c®V,f)- By (|6.8|l . the diagram 

25®C®y 

<?(C®CV,S) 



25 < 



(C®V,{) 



C®F' 



V 



commutes. In the diagram 
25®C® *- 15 ® C ® C ® V >- A®C ®V ®A®V ®V 




E®ec®C®V 

E®C®V 




the left triangle commutes since C is a coalgebra in V, the middle triangle commutes since the 
triple (A, C, A) is an entwining, and the trapeze and the rectangle commute by naturality of 
composition, hence (sc ®V) ■ = i>v ■ (fi ®V). Thus, K(c®v,f) IS the unique morphism that 
makes the diagram 



(6.10) 



E®C®V ■ 

9(C®v,h) 

E ® A (C ® V) 



A®V 



V 



{ec®V)-K(o®V,h) 

commute. (Recall that here h — (C ® v v ) ■ (A ® V) : A ® C ® V -> C ® V .) 



6.8. Proposition. For any (V,Uv) € aV, consider the morphism a', Vu s : C ® V — > {E, V} 

{E, V}a {E, V} 



that is the transpose of the composition E ® C ® V ) A® V -^-» V. Then the diagram 

e (V> v ) 





C®V 



is commutative. 
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Proof. We show first that 

( 6 - n ) VE, y s ■ "(v,i/v) _ ' ™(v,w) 

(see the equaliser diagram (|6.7p ). Since the transpose of the morphism k is the composite 



{h E ,V} ■ a' (v ,„,^ — k- a; 



A®E®{E,V} ^% A®V ^V, 
while the transpose of the morphism {h l El V} is the composite 

A ® E ® {E, V} A ® m ^ v \ A®E®{A®E,V} 



V 



and this is easily seen to be the composite 
A® E ® {E, V} — 



> E ® {E, V} V. 



Thus, since 

(h l E ® {E, V}) ■ (A® E ® a[ v<vv) ) = (E® a[ v>1/v) ) ■ (h l E ®C®V) 
by naturality of composition, it is enough to show that the diagram 



A® E ®C ®V 

h l E 0C0V 

E®C®V 



A®E®a',, 



E®a', 



+ A®E®{E,V} 
l 

h l E ®{E,V} I 

y 

— s- E ® {E, V} — 



■ A®V 



V 



(V>y) 



is commutative. Since ey ■ (E ® OL't Vl/v \) — vy ■ [fi ® V) , the diagram can be rewritten as 
(6.12) 



A® E ®C ®V > A® V 



h l E ®C®V 

E®C®V 



Consider now the diagram 

A®E®C J" A ® E ® C ® C ^ A®A®C > 



A®C ®A 



i®E®C 



E®E®C 



E®E®6 C 



i®E®C®C 



E ® E ®C ®C 



E®/3®C 



i®A®C 



E®A®C- 



E®\ 



i®C®A 



E®C ®A 




!3<S>A 



A® A. 



in which the three rectangles commute by naturality of composition, while the triangle com- 
mutes since uj~ 1 (A ® ec) = (3 ■ (i ® C). Recalling now that h l E — the • (« ® E), we have 

f3-(ti E ®C) = p-{m E ®C)-{i®E®C) 

= J n A -((3®A)-(E®\)-(E®(3®C)-(E®E®S c )-(i®E®C) 
= m A - (A®e c ® A) ■ (A® A) • (A® /3 ®C) ■ (A® E ® S c ) 

since A is an entwining = Tfl A ■ (A ® A ® Ec) ■ (A ® f3 ® C) ■ (A ® E ® Sc) 
nat. of composition = 1TLa ■ (A ® /3) ■ (A ® E ® C ® Ec) ■ (A ® E ® Sc) 
since (C <g> so) ■ S c = Ic = m A -{A®l3). 

Therefore, m A ■ (A® (3) = (3 ■ (h l E ® C), and hence 

(m A ® V) ■ (A ® p ® V) = 08 ® V) ■ (h l E ®C®V). 
Using now that vy ■ {A® vy) — vy ■ (m A ® V), since (V, vy) € A Y, one has 
v v ■ (A ® Vy) ■ (A ® j3 ® V) = v v ■ (f3 ® V) ■ (h l E ® C ® V). 
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Thus the diagram (|6.12[) commutes. It follows that {h E , V} ■ ot'(y Vv ) ~ ^ ' a {vu v )> an( ^ smce 
the diagram (|6.7p is an equaliser, there exists a unique morphism 7(v> v ) : C ® V — > {E, V}a 
that makes the diagram 



{E,V} 




{E,V} 




commute. We claim that 



E®C®V 

9(C®v,h) 

E ® A (C <g> V) 



c®v 

l(v.u v ) — a (VM V )- To see this, consider the diagram 



■E®{E,V} A 

1{E,V} A 



E®{E,V} 



E ' 



V, 



where ~eP_ is the counit of the adjunction — ®a E H [E, —]a- In this diagram, the left rectangle 
commutes by naturality of q (recall that j(y uv ) '■ C ® V — > {E, V}a is a morphism in aV), 
while the right one commutes by definition of e®. Since 

e%-{E® e {v , Vv )) ■ (E ® l<y,w)) = ey-(E® {e ( y Vv) • 7(v> v ))) =ey-{E® a (Vuv) ), 

and since ey ■ (E ® n) = i/y * {P ® V"), it follows that the diagram 

/3®V 



i? ® C 

9(C®V,h 



V 



A®V 



V 



Thus 
□ 



commutes. Comparing this diagram with (|6.10[) . one sees that 

• (£ ®a 7(v> v )) = (eo ® V) • K(cr®v,fc)- 
Thus 7(v> v ) : C ® V — ► {-E, V}a is the transpose of the morphism [ec ® V) ■ K(c®v,h) 
l(v,uv) is just atv iVv ). This completes the proof. 

When the pairing V(X) (|6.9[) is rational, we write R&t v ^ (E) for the full subcategory of 
the category generated by those objects whose images under the functor Ki* lie in the 
category Rat p(A) (£' ® A -)■ 

The following result extends [TJ Theorem 3.10], |T3J Proposition 2.1], and [131 Theorem 2.6] 
from module categories to monoidal categories. 

6.9. Theorem. Let V = (V, ®,I) be a monoidal category with V admitting both equalisers and 
coequalisers, and (A, C, A) a representable entwining with representable object E. Suppose 
that 

(1) the functors A®—,E®—:Y^W have right adjoints {A, — } and {E, — }. 

(2) for any (V, vy) £ aV> the transpose ot'i Vuv \ '■ C ® V — > {E, V} of the composite 

E®C®V A®V is a monomorphism, and 

(3) (i) the functor C ® — : V — >• V preserves equalisers, or 

(ii) the category V admits pushouts and the functor C ® — : V — > V preserves regular 
monomorphisms and has a right adjoint, or 

(iii) the category V admits pushouts, every monomorphism in V is regular and the 
functor C ® — : V — > V has a right adjoint. 



;so 
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Then the pairing V(X) is rational and there is an equivalence of categories 

<JV(A) ^Rat p(A) (B). 

Proof. Since e(y,v v ) ■ {E, V}a —> {E, V} is an equaliser for all (V,uv) € aV, oj(v> v ) is a 
monomorphism if and only if oi',y Vv ^ is so. Thus, the pairing V(X) is rational if and only if 
for any (V, vy) £ aY, the morphism ot\y Vv \ '■ C ® V — > {J5, y} is a monomorphism. Thus, 
condition (2) implies that the pairing P(A) is rational. 

Next, since the forgetful functor aU : aY —> Y preserves and creates equalisers, the functor 
C : aY — > aY preserves equalisers if and only if the composite aUC : aY — > Y does so. But 
for any (V, v v ) E A Y, A UC{V, w) = C ® V. It follows that if the functor C ® - : Y -> V 
preserves equalisers, then the functor C : aY — > aY does so. Since each of the conditions in 
(3) implies that the functor C8-:V-)V preserves equalisers (see the proof of Proposition 
I5.7|) and since the functor E <&a — -aY — >eY has a right adjoint {E, —}a -aY — >bV, one can 
apply Theorem 14.81 to get the desired result. □ 



Since for any V-coalgebra C = (C,ec,Sc), the identity morphism Ic : C ®1 = C — > C = 
I (8) C is an entwining from the trivial V-algebra I = (I, Ij, Ij) to the V-coalgebra C, it follows 
from Example l6.2f l) that this entwining is representable with representable object C* = [C, I] . 
Applying Proposition 16. 31 gives: 



6.10. Coalgebras in monoidal closed categories. Assume the monoidal category V to be 
closed and consider any V-coalgebra C = (C,ec,Sc)- Then the triple 

C* = {C* = [C,%e c *,mc*) 

is a V-algebra, where ec* — k{ec), while mc* is the morphism C* 
to the composite 



)C* — > C* that corresponds 



C* <8> C* ®C 
under the bijection (see {5 



C* ®C 



) 



7T = Tr c *»c*,cj ■ V(C* ® C* ® C, I) ~ Y(C* ® C*, C). 
6.11. Proposition. In the situation of \6.1(A the triple 

V{C) = (C*, C, t = ep : C* ® C ->• I) 

is a left pairing in V. 

Proof. We just note that the equalities 7r _1 (ec*) = £c and 

Tr-^mc*) = e, c • (C* ef C) • (C* ® C* ® <5 C ) 
imply commutativity of the diagrams 

C* ®C 

c* 



c e ^c 




□ 



Applying now either Proposition 15.91 or Proposition 16 . 1 ll yields 

6.12. Theorem. Let Let V = (Y, [—,—]) &e a monoidal closed category, C = (C,Ec,$c) 
a V-coalgebra with C V -prenuclear, and assume Y to admit equalisers. If either 

(i) the functor C ® — : V — > Y preserves equalisers, or 

(ii) C ® — : Y — >• V admits pushouts and the functor C ® — : V — >• V preserves regular 
monomorphisms, or 
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(iii) V admits pushouts and every monomorphism in V is regular, 

then Rat p(c) (C*) is a full coreflective subcategory o/c*V and the functor <j> 7 '( c ) : C V — > c*V 
corestricts to an equivalence R v{c) : C V -> Rat(C*). 

A special case of the situation described in Theorem 16.121 is given by a finite dimensional 
fc-coalgebra C over a field k and V the category of A;- vector spaces. 
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